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The hollow cylinder shear test is somewhat controversial due to its non-uniform stresses and strains, and has been analyzed by simple theoretical
methods and two-dimensional FE calculations. In this paper, the hollow cylinder test under strain control was carried out numerically by treating the
specimen as a three-dimensional initial-boundary value problem considering the inertial forces. At ﬁrst, besides the known nonuniform strain, the non-
uniformities of excess pore water pressure and overconsolidation ratio have been shown to beneﬁt from a soil–water coupled analysis that employs the
SYS Cam-clay model. Then, the inﬂuence of the specimen geometries, including wall thicknesses, heights and outer diameters on the non-uniformity was
investigated sequentially. A new method for evaluating non-uniformity was proposed, which is suitable for the three-dimensional analysis. The response
under a uniform deformation ﬁeld, which is indicated by “the perfect path”, was presented to draw a comparison with the apparent behaviors, with non-
uniformities taken into consideration. It should be noted that there is a critical height to prevent failure at the specimen ends according to the apparent
behavior. Finally, the torque-controlled experiment indicated that 4 ribs could not transfer the torque reliably while 6 or 8 ribs were feasible.
& 2013 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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Considering the complex stress state of underground soil, the
hollow cylinder shear test (HCT) controlled by four individual
external forces is often employed to discuss the inﬂuences of
initial anisotropy, intermediate principal stress, the direction of
principal stresses and the rotation of principal stresses (Sayao
and Vaid, 1996; Nakata et al., 1998; Lade et al., 2008; BlancFig. 1. Sketch of hollow cylinder test and stress state.
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B. Xu et al. / Soils and Foundations 53 (2013) 923–936924et al., 2011; Ohkawa et al., 2011) on soil strength and
deformation. Fig. 1 presents a sketch of the specimen. Fz, Tθ,
Po and Pi represent the vertical load, torque and external and
internal pressures respectively, which will result in stresses
including szz, srr, sθθ and sθz and four induced strains
consisting of εzz, εrr, εθθ and εθz. s1, s2 and s3 are theFig. 2. Deformation and dis
Table 1
Soil parameters and initial conditions.
Elasto-plastic parameters Initial conditions
Critical state index M 1.55 Speciﬁc volume v0 1.747
NCL intercept N 2.0 Stress ratio η0 0.0
Compression index ~λ 0.108 Degree of structure 1=Rn0 1.0
Swelling index ~κ 0.025 Degree of overconsolidation
1=R0
5.0
Poisson's ratio ν 0.3 Degree of anisotropy ς0 0.0
Evolution parameters Soil particle density ρs (g/cm
3) 2.65
Degradation index of
OC
0.2 Coefﬁcient of permeability k
(cm/s)
3:7 108maximum, minimum and intermediate principal stresses, respec-
tively. Details can be seen in Appendix-A1.
Since the stresses srr, sθθ and sθz and strains εrr, εθθ and εθz
cannot be measured directly across the cylinder wall, they are
averaged by regarding the specimen as a single element. There-
fore, it is necessary to restrict the difference between true stresses,
strains and the averaged ones, which is called non-uniformity.
The non-uniformity of stresses and strains mainly comes from
both the curvature of the cylinder wall (Hight et al., 1983; Sayao
and Vaid, 1991) and end constraints (Hight et al., 1983; Sayao
and Vaid, 1991; Lade, 1981) and some evaluation indexes (Hight
et al., 1983; Sayao and Vaid, 1991) have also been proposed to
judge the degree of non-uniformity. However, the assumptions of
the two-dimensional axial-symmetric condition and the elastic
response in previous research make it difﬁcult to attain sufﬁcient
accuracy. Meanwhile, the non-uniformity induced by the applied
torque and frictional end-constraints cannot be evaluated simul-
taneously and only several discrete combinations of stress states,
rather than continuous stress variations, are computed. Therefore,
it is meaningful to evaluate the non-uniformity under three-
dimensional conditions by ﬁnite element analysis, which cantribution of shear strain.
B. Xu et al. / Soils and Foundations 53 (2013) 923–936 925deal with the inﬂuence of curvatures and frictional ends
simultaneously, and take the torque as well as more complex
constitutive models into consideration.
On the other hand, while extensive investigations of non-
uniformity in triaxial specimen by initial-boundary value
problems (hereafter noted as BVPs) have been carried out
(Asaoka et al., 1994; Asaoka and Noda, 1995; Sheng et al.,
1997; Liyanapathirana et al., 2005; Jin et al., 2010), numerical
simulations of hollow cylinder tests are very rare (Gens and
Potts., 1984). Therefore, to ﬁll the gap of three-dimensional
calculation in hollow cylinder tests, the main objective of this
paper is to carry out a series of monotonic undrained hollow
cylinder tests under not only strain control but also torque
control to reevaluate the non-uniformity due to specimen
geometries including wall thicknesses, heights and outer
diameters via an efﬁcient constitutive model—SYS Cam-clay
model (Asaoka et al., 2000, 2002) and a quasi-static/dynamic
soil–water coupled ﬁnite deformation analysis code (Asaoka
and Noda, 2007; Noda et al., 2008).
2. Calculation conditions
The specimen geometry as a benchmark is with a height of
8 cm, an inner diameter of 4 cm and outer diameter of 8 cm.
The division in radial, circumferential and vertical directions is
5 32 20 with totally 3200 elements and 4032 nodes. An eight-
node isoparametric element with the same shell shape as that
shown in Fig. 1 was adopted since such a shell-shape element can
reproduce the symmetric hollow-cylinder surface with high
accuracy. The mesh division is ﬁne enough by checking the
inﬂuence of mesh-dependence on the apparent behavior and non-
uniformity in deformation, although the ﬁgures are omitted due toFig. 3. Distribution of excess pore water pressure at x–z cross plane.space limitations. For the mechanical boundary conditions, all the
nodes at the bottom surface are ﬁxed in x, y and z directions and a
constant angular velocity 0.005 rad/s, namely 0.1875%/s is applied
to each node on the top surface in an anti-clockwise direction.
Except for the internal and external pressures, there is no
additional vertical load, namely Fz¼0 in the vertical direction at
the top surface. Equal external and internal pressures are set up.
Hereafter, if there is no additional speciﬁcation, the above
boundary condition is adopted preferredly. Therefore, srr is
regarded as the intermediate principal stress, and the coefﬁcient
of intermediate principal stress b is 0.5. The angle between
orientations of maximum principal stress and the vertical orienta-
tion is constantly 45 degrees. For the hydraulic boundary
condition, the entire boundary is assumed to be impermeable.
A typical saturated clay with a relatively low permeability is
employed in the analysis and the detailed elasto-plastic
parameters as well as initial values are presented in Table 1,
from which it can be seen that it is a non-structured and
overconsolidated clay with OCR¼5. (The elasto-plastic para-
meters and evolutional parameters are same with Noda et al.,
2013). Gravitational inﬂuence is not considered and initial
values are regarded as uniform in the vertical direction.3. Calculation results
3.1. A three-dimensional ﬁnite element result
Fig. 2 indicates the deformation mode (three-dimensional
shear strain distribution) as the apparent shear strain γs
increases. Note that the apparent shear strain is acquired by
γs ¼ ðRoþRiÞ  Δθ=ð2HÞ, where Δθ is the torsional angle and
measured at the node located at the average of inner and outerFig. 4. Distribution of overconsolidation ratio at x–z cross plane.
B. Xu et al. / Soils and Foundations 53 (2013) 923–936926radius on the top surface, and the shear strain εs, is represented
using the deformation gradient tensor F, of the soil skeleton as
εs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3 e′  e
q
′ e′¼ e 13 ðtreÞI e¼ 12 IðFFTÞ1
 
, where I
is the unit tensor. It was revealed that the torsional deformation
can be reproduced, which is similar to that in practical
experiments. Figs. 3 and 4 indicate the distributions of excess
pore water pressure and overconsolidation ratio on the x–z cross
plane at different apparent shear strains. As predicted theoreti-
cally by the linear elastic model (Hight et al., 1983), there is a
remarkable non-uniformity of shear strain along the radius.
Beneﬁting from the soil–water coupled analysis and the SYS
Cam-clay model, the non-uniformities of excess pore water
pressure and overconsolidation ratio are also newly observed.
From Fig. 4, it can be seen that the soil located near outer
diameter changes from the overconsolidated state to the
normally consolidated state more quickly, which indicates that
larger plastic shear strain occurs near the outer surface.
Fig. 5 illustrates the non-uniformity of mean effective stress
p′ and deviator stress q, stress ratio η and shear strain εs
respectively as γs increases. Here p′ and q are normalized by the
initial conﬁning pressure and given by p′¼  13 trT′ and
q¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2 S S
q
(S¼ T′þp′I) respectively, where T′ is the
Cauchy effective stress tensor (tension positive), and η¼ q=p′.Fig. 5. Deviation of mean effective stress p′ and deviator stress q, stress ratio η an
(d) deviation of εs.The magnitude of non-uniformity is quantiﬁed by the deviation
from the average values of the entire specimen which are
suitable for three-dimensional deformation. Details can be seen
in Appendix-B1. It is easy to understand that the larger the
deviation is, the more severe the non-uniformity is. From Fig. 5
(a) it can be seen that the deviation of p′ is less than 0.11 which
is acceptable according to β3o0.11 deﬁned by Hight et al.
(1983). Meanwhile, the maximum deviation of η in Fig. 5(c)
occurs around γs¼4%, which is also acceptable according to
βηo0.20 deﬁned by Sayao and Vaid (1991). Therefore,
the new evaluation method is able to take both of the evaluation
indexes into consideration simultaneously under more general
stress paths. If we look into the variation of deviation
in p′ speciﬁcally, the deviation ﬁrstly increases to a peak
and decreases until near zero following by another increase
and decrease. The reason can be seen In Fig. 6, which
indicates the distribution of p′ along the radius, the reason can
be found:(a)d sheInitially p′ along the radius is same and equal to the cell
pressure, and then according to the effective stress path, as
will be shown in Fig. 9, p′ begins to decrease. However,
due to the rapid decrease at the outer radius, the non-
uniformity begins to increase until the ﬁrst peak around
γs¼1.83%;ar strain εs. (a) Deviation of p′, (b) deviation of q, (c) deviation of η and
Fig. 6. Distribution of mean effective stress p′ along the radius at various γs.
Fig. 7. Distribution of shear strain for different thicknesses at γs¼12% on x–z
cross plane. (a) Thic.=3.6 cm, (b) Thic.=2.0 cm and (c) Thic.=0.4 cm.
B. Xu et al. / Soils and Foundations 53 (2013) 923–936 927(b) After p′ at the outer radius reaches the minimum, that is the
plastic volumetric expansion is about to occur according to
the undrained condition, p′ at outer radius tends to increase
whereas p′ at inner radius is still moving to the minimum.
At around γs¼3.54% the non-uniformity decreases to
almost zero;(c) After p′ at both the outer radius and inner radius goes past
the minimum, the non-uniformity increases again due to
the rapid increases at the outer radius;(d) Finally, when p′ at the outer radius ﬁrst reaches the critical
state and keeps constant, the non-uniformity begins to
decrease after the second peak at around γs¼11%;The variation of non-uniformity in Fig. 5(b) –(d) can be
interpreted analogously. It should also be pointed out that due
to the soil–water coupled undrained condition, the maximum
non-uniformity in stress ratio η, which is the most dangerous
stage clariﬁed by Sayao and Vaid (1991), does not increase
monotonically as the loading progresses but appears around
the beginning of positive dilatancy.
3.2. Inﬂuence of specimen geometries on non-uniformities
and apparent behaviors
According to the theoretical and experimental results, the
specimen geometry has a great inﬂuence on the non-uniformity.
In this section, the effect of specimen geometries is investigated
numerically. In addition, a response under a uniform deformation
ﬁeld is calculated by modelling a single three-dimensional eight-
node brick element with unit dimensions (Doherty and Fahey,
2011) to indicate the inﬂuence of non-uniformities on the
apparent behavior. Details can be seen in Appendix-C1.
Table 2 gives the calculation schemes for different specimen
geometries, in which “Thic:” means the cylinder wall thick-
ness, “H” and “D” are the height and the outer diameter,
respectively. It can be classiﬁed into three categories where
one of the geometrical indexes varies while the other two keep
constant. The bold item of “Case 2” represents the benchmark
geometry described in Section 3.1.(1) Inﬂuence of specimen thickness
Fig. 7 indicates the distributions of shear strain for
different thicknesses on the x-z cross plane at γs¼12%. As
can be seen, the non-uniformity of shear strain along the
radius develops with increasing of wall thickness. In the
thickest case, the shear strain differs by as much as 10%,
while for the thinnest case, the distribution can be regarded
as approximately uniform.
Fig. 8 presents the deviations of mean effective stress p
0
and deviator stress q, stress ratio η and shear strain εs
against the apparent shear strain γs for three wall thick-
nesses, respectively. As can be seen, all of the non-
uniformities increase as the wall thickness becomes larger.
In the case of the specimen with thickness of 3.6 cm, the
non-uniformity is clearly unacceptable according to the
criterion mentioned in Section 3.1.
Fig. 9 depicts the apparent behavior including deviator
stress q apparent shear strain γs, q mean effective
stress p′ (namely effective stress path), excess pore water
pressure ue–γs and speciﬁc volume v–p′, for three wall
thicknesses comparing with the “perfect path” that repre-
sents the response of one three-dimensional element
mentioned at the beginning of Section 3.2. Here, q and
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Fig. 8. Deviation of mean effective stress p′ and deviator stress q, stress ratio η and shear strain εs for various wall thicknesses. (a) Deviation of p′, (b) deviation of q,
(c) deviation of η and (d) deviation of εs.
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torque Tθ is the norm of the cross product between the
corresponding radial distance r and the tangential nodal
reaction force F measured at each node on the top. γs is the
same as that in Section 3.1. It should be pointed out that
szz, srr and sθθ are average values viewing from the entire
specimen while sθz is directly measured step by step.
Excess pore water pressure ue can be measured by utilizing
the weighted average pore water pressure with respect to
the volume of the elements at the top, bottom or middle
layer and here the excess pore water pressure generated at
the top is adopted. Note that the treatments of Tθ, γs and
ue are exactly following the method used in practical
experiments. As for the speciﬁc volume v, the weighted
average speciﬁc volume of each element is taken respect to
the current conﬁguration volume. The line q¼Mp′ means
the projection of critical state surface on the q–p′ stress
plane and NCL and CSL represent the normal consolidated
line and critical state line, respectively.
Obvious differences can be seen in excess pore water
pressure between the “perfect path” and responses of three
thicknesses. It can be seen from Fig. 10, the enlarged
effective stress path, that the thinner the cylinder wall is,
the closer the effective stress path is to that in “perfect path”.
In other words, as the cylinder wall becomes thicker, the
non-uniformity in excess pore water pressure gets larger,which results in a smaller apparent pore water pressure.
Notice also that there is a slight difference among the deviator
stress q in Thic:¼2.0 cm, Thic:¼0.4 cm and “perfect path”.
In practical experiments, after the total torque Tθ is measured,
the assumption that the distribution of sθz is either linear
or uniform is introduced to quantify sθz, as clariﬁed in
Appendix-A1. In this paper, δ in Eq. (A-1) is always taken as
1, which is a uniform sθz. However, if we see the real
distribution of sθz in Fig. 11, it is neither linear nor uniform.
The uniform sθz appears much smaller than the real one for
Thic:¼0.4 cm and slightly larger than that for Thic:¼2.0
cm, which can explain the differences in the deviator stress.
Nevertheless, it should be noted that the difference in deviator
stress is relatively small and the assumption of uniform
distribution can approximately satisfy the precision.(2) Inﬂuence of specimen height
The non-uniformity for four heights is presented in Fig. 12.
Although the non-uniformity of shear strain in Fig. 12(d) is
same when the height is smaller than 12 cm, from Fig. 12(a)
and (b) it still can be concluded that the non-uniformities
decreases as the specimen height increases, which is in
agreement with the experiment results by Lade (1981).
Therefore, different from the previous evaluation indexes
that can only treat the radial non-uniformity, the proposed
method can deal with the non-uniformity of not only the
radial direction but also the vertical direction.
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Table 2
Calculation schemes for various specimen geometries.
Thic. (cm) H (cm) Do (cm) Remarks
Case 1 0.4 8 8 Thickness effect
H, D constantCase 2 2.0 8 8
Case 3 3.6 8 8
Case 4 2.0 2 8 Height effect
Thic., D constantCase 2 2.0 8 8
Case 5 2.0 12 8
Case 6 2.0 20 8
Case 2 2.0 8 8
Case 7 2.0 8 12 Diameter effect
Thic., H constantCase 8 2.0 8 16
Case 9 2.0 8 20
300 400
200
400
600
Mean effective stress  p′ (kPa)
D
ev
ia
to
r s
tre
ss
  q
 (k
Pa
) q = Mp′
Perfect path
Thic. = 0.4 cm
Thic. = 2 cm
Thic. = 3.6 cm
Fig. 10. Enlargement of effective stress path.
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γs¼13% as shown in Fig. 12. The distribution of shear strain
for specimens with different heights, shown in Fig. 13.
indicates that large shear strain concentrates around the two
ends unlike the Hr12 cm specimens. Further details are
shown in Fig. 14 indicating how the three-dimensional shear
strain distribution develops in the case of H¼20 cm. Com-
pared with lower specimen shown in Fig. 2, localized slippage
deformation at both ends can be observed.
Fig. 15 shows the apparent behavior for four heights
comparing with the “perfect path”. Similarly, there are only
slight differences among the ﬁve responses except the one of
H¼20 cm in which the deviator stress departures from the
others from γs¼6% and then undergoes a sudden decrease atabout γs¼12%. From the apparent behavior of H¼20 cm,
although the soil was overconsolidated and non-structured, it
behaved more like a highly-structured clay; namely, the soil
response varied with the chosen specimen geometries, which
should be given close attention in practical experiments.
Generally, it is thought that the larger the height to diameter
ratio H=D, the smaller the non-uniformity, as shown in
Fig. 12(a) and (b). However, according to Fig. 15, is required
to prevent slippage failure at the ends.(3) Inﬂuence of outer diameter
Next, the inﬂuence of outer diameters on the non-
uniformity and apparent behavior will be presented. Although
the distribution of shear strain is omitted, we can still observe
the non-uniformity of shear strain in Fig. 16(d). The same
Fig. 11. Distribution of shear stress sθz along the radius on the top at γs¼16%. (a) Thic.=0.4 cm and (b) Thic.=2.0 cm.
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the smaller the deviation is can be acquired. In addition, the
reduction of the non-uniformity is becoming fewer and it can
be predicted that there will be no signiﬁcant decrease in the
non-uniformity even when the outer diameter is larger. With
regard to the apparent behavior of the four outer diameters,
only slight differences were noted in the excess pore water
pressure from the “perfect path”, as clariﬁed in Fig. 10.4. Optimum number of rigid ribs under torque controlIn the above simulations, by applying a constant angular
velocity to each node on the top the specimen is under strain
control, which means that there is no relative slippage between the
frictional pedestal and the specimen and all the nodes on the top
keep the same pace in the circumferential orientation. It should be
noted that in practical experiments, relative slippages are still
Fig. 13. Distribution of shear strain for different heights at γs¼12% on x–z
cross plane. (a) H=2 cm, (b) H=8 cm, (c) H=12 cm and (d) H=20 cm.
Fig. 14. Three-dimensional shear strain distributions in the case of 20 cm
specimen height.
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common way to enhance the reliability of torque transfer is to
install several additional rigid ribs. Since many disagree on the
number, stress-control calculations are carried out in this section to
determine the appropriate number of ribs.
For the simulation under torque control it is impossible to
directly assign a constant stress rate to each node on the top
because of the unknown distribution of stress rate below the
rigid frictional pedestal. The “no-length change” and “no-angle
change” conditions (Asaoka et al., 1998) are employed in the
torque-control calculation.
The “no-angle change” condition at the top, representing the
rigid ribs installed on the pedestal, is set on the nodes along the
radius with an equal interval angle θ which is taken as 90
degrees, 60 degrees or 45 degrees, namely 4, 6 or 8 ribs, as
marked by blue lines in Fig. 17. An equal stress rate is applied
to the node located at the average radius as shown in Fig. 17.
For the “no-length change” condition, representing the friction
of porous stone, stress was applied between every two nodes
along the circumferential direction from the inner diameter
to the outer diameter, as marked by the red lines in Fig. 17.The stress rate was 1.0, 0.67 and 0.5 kPa/s for 4, 6 and 8 ribs
respectively and other boundary conditions were same as that
in Section 3.1.
Fig. 18 shows the shear strain distribution on the top surface at
γs¼12% with 4, 6 and 8 ribs, respectively. It was not possible
to maintain the circle on the top in the case of 4 ribs, while in
the case of 6 and 8 ribs, the circle was kept on the top, with the
non-uniformity along the radius shown in Section 3.1. The
apparent behaviors are shown in Figs. 19 and 20, where “Bottom
EPP” and “Top EPP” indicate the excess pore water pressure
measured at the bottom and at the top, respectively. As can be
seen, in the case with 4 ribs the deviator stress is smaller than that
in “perfect path” when there is insufﬁcient friction between the
pedestal and the specimen, and relative slippage occurs between
the pedestal and specimen. The excess pore water pressures
measured at the top and the bottom differ slightly due to the
non-uniform deformation along the circumferential direction on
the top. However, in the case of 6 ribs, good accordance for the
deviator stress and excess pore water pressure is achieved. The
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ﬁgure is omitted. Fig. 21 presents the relation of total torque and
time for three cases, in which the torque rates are constant and
almost equal due to the different stress rates applied to the loading
nodes. Therefore, according to Fig. 18(b), Figs. 20 and 21, it is
reasonable to conclude that 6 ribs are sufﬁcient for the torque
control to transfer the torque reliably in this analysis.5. Conclusions and further study
5.1. Conclusions
A series of monotonic undrained hollow cylinder shear tests
(HCT) were carried out with the specimen geometries and
strain/torque-control methods both taken into consideration.
The conclusions are as follows:(1) The feasibility of simulating the three-dimensional HCT
was proved by treating the specimen as an initial-
boundary value problem. The non-uniformity of variables
such as the shear strain, excess pore water pressure, stress
ratio etc. were shown and quantiﬁed by an evaluation
index suitable for use in three-dimensional analyses. Due
to the soil–water coupled undrained condition, the non-
uniformity did not increase monotonically as the loading
developed.(2) The inﬂuence of specimen geometries on the non-uniformity
was investigated to verify the curvatures of cylinder wall and
end constraints. The proposed evaluation method was able to
take both the inﬂuence of curvature and the end constraints
into consideration. It was also found that the non-uniformity
decreased when smaller wall thickness, greater height and
larger outer diameter were employed.(3) In addition, the response of a single three-dimensional element
under a uniform deformation ﬁeld, which is referred to as the
“perfect path”, was computed to investigate the inﬂuence of
non-uniformities on the apparent behavior. The results indi-
cated that there were slight differences in excess pore water
pressure due to the wall thickness and in deviator stress due to
the linear or uniform assumption of shear stress. However, the
deviations were so small that they had no notable impact on
the behavior.(4) Although an increase in specimen height could decrease
the non-uniformities, a critical height is required to prevent
the localized-deformation failures at both ends for any
prescribed wall thickness and outer diameter.(5) For the cases under torque control, the “no-length change”
and “no-angle change” conditions were introduced to the
nodes on the torque surface to represent the friction of
porous stone and rigid ribs installed on the pedestal,
respectively. It was found that 4 ribs could not transfer
the torque to the specimen reliably while it was feasible
when 6 or 8 ribs were used.
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Fig. 16. Deviation of mean effective stress p′ and deviator stress q, stress ratio η and shear strain εs for various outer diameters. (a) Deviation of p′, (b) deviation of
q, (c) deviation of η and (d) deviation of εs.
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Fig. 17. Constraint conditions on the top surface under torque-control method.
B. Xu et al. / Soils and Foundations 53 (2013) 923–936 9335.2. Further studyFig. 18. Distribution of shear strain at the top with n ribs at γs¼12%. (a) n ¼ 4,
(b) n ¼ 6 and (c) n ¼ 8.1) There is no additional vertical load in the calculation and
the stress path in this paper follows p′¼const, b¼0.5 and
Po ¼ Pi. Simulations under more general stress paths
should be carried out in order to verify the constitutive
response considering principal stress orientations and
principal stress rotations.2) In the present analysis, the gravity force is ignored.
However, for the specimen with large heights there should
be certain gravity inﬂuence on both non-uniformities and
apparent behaviors.
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Fig. 19. Apparent behavior of specimen with 4 ribs.
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Fig. 20. Apparent behavior of specimen with 6 ribs.
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B. Xu et al. / Soils and Foundations 53 (2013) 923–936 9353) In this study, the target soil was overconsolidated clay.
Further research will be conducted using not only nor-
mally/structured clay, but also loose to dense sand to
provide a systematic data ser.Acknowledgement
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In the practical process, the entire specimen is regarded as a
single element with stress and strain components derived from
an assumption of linear elastic constitutive equation and
inﬁnitesimal deformation. Eqs. (A-1) and (A-2) present the
average stress and strain, where Ro and Ri are the external and
internal radius; uo and ui are the inner and outer displacement;
ΔH and Δθ are the increments in vertical and circumferential
direction. For the shear stress sθz, there are two assumed
distributions: one is the elastic distribution sE with linear
increase and the other is completely plastic distribution sP with
a uniform value, which results in the two different calculation
methods as shown in Eq. (A-1). Here, δ is the percentage of
plastic distribution and always taken as 1 unless state other-
wise.
szz ¼
FzþπR2oPoπR2i Pi
A
srr ¼
PoRoþPiRi
RoþRi
sθθ ¼
PoRoPiRi
RoRi
sE ¼
Tθ
πðR2oþR2i ÞðRoRiÞ
sP ¼
3Tθ
2πðR3oR3i Þ
sθz ¼ ð1δÞsEþδsP ðA 1Þ
εzz ¼
ΔH
Hεrr ¼ 
uoui
RoRi
εθθ ¼ 
uoþui
RoþRi
εθz ¼ 
ΔθðR3oR3i Þ
3HðR2oR2i Þ
ðA 2Þ
p¼ szzþsrrþsθθ
3
p′¼ pue
q¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
ðszzpÞ2þðsrrpÞ2þðsθθpÞ2þ2s2θz
 r ðA 3Þ
Appendix: B1
Hight et al. (1983) deﬁned a coefﬁcient β3 for each
individual stress to evaluate the non-uniformity along the
radial direction:
β3 ¼
1
ðRoRiÞ
1
sL
Z Ro
Ri
sðrÞs drj
 ðB 1Þ
where sðrÞ is the real stress such as srr, sθθ and sθz, s is the
average value of the corresponding stress and sL is the
standard stress taken as sθz for sθz and 1=2ðsθθþsrrÞ for srr
and sθθ. It is acceptable if β3o0.11. Sayao and Vaid (1991)
proposed another evaluating coefﬁcient βη from the stress
ratio:
βη ¼
ηmaxηmin
η
ðB 2Þ
where ηmax, ηmin and η are maximum, minimum and average
stress ratios, respectively. It is acceptable if βηo0.20.
However, Eq. (B-1) is proposed based on the axial-
symmetry deformation only considering the difference
between inner and outer pressures, which is not suitable for
three-dimensional analysis. Moreover, for both Eqs. (B-1) and
(B-2), it can only evaluate the non-uniformity at designated
combinations of stress state in which constant sL and η are
required to quantify the magnitude of β3 and βη. Therefore, a
new method with variable ΔA is deﬁned as follows to assess
the non-uniformity:
ΔA ¼ ∑
NE
i¼1jAðiÞAj  ΔVðiÞ
∑NEi¼1ΔVðiÞ
ðB 3Þ
where
A ¼ ∑
NE
i¼1AðiÞ  ΔVðiÞ
∑NEi¼1ΔVðiÞ
ðB 4Þ
here, AðiÞ can be the mean effective stress p′, deviator stress q,
shear strain εs etc. within element i,ΔVðiÞ is the current volume
of element i, A is the weighted average of AðiÞ taking the
volume ratio ΔVðiÞ=∑NEi¼1ΔVðiÞ as the weight coefﬁcient where
“NE” represents the number of elements, and ΔA, which has
the same unit with AðiÞ, is the weighted average of deviation
between AðiÞ and A. The smaller ΔA is, the more uniform AðiÞ
is. The uniform distribution of AðiÞ, that is AðiÞ=const, results
in ΔA=0.
Fig. C1. Boundary conditions for one three-dimensional element under a
uniform deformation ﬁeld.
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In Fig. C1, the triangle “▼” represents the displacement
constraint in the direction. As can be seen, there are three
symmetrical planes consisting of plane 1243, plane 3487 and
plane 1375; constant stresses, sxx, syy and szz are applied
correspondingly. The shear stress is represented by applying a
constant velocity on plane 2486. An undrained boundary
conditionis applied to the six surfaces. For the apparent
behavior, the equivalent nodal forces at nodes 2, 4, 6 and 8
are measured to quantify the deviator stress; the apparent shear
strain is calculated from the ratio of horizontal displacement of
node 2 to the initial height of the element.
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